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We theoretically analyze the cooling dynamics of an atom which is tightly trapped inside a high-
finesse optical resonator. Cooling is achieved by suitably tailored scattering processes, in which the
atomic dipole transition either scatters a cavity photon into the electromagnetic field external to
the resonator, or performs a stimulated emission into the cavity mode, which then dissipates via
the cavity mirrors. We identify the parameter regimes in which the atom center-of-mass motion
can be cooled into the ground state of the external trap. We predict, in particular, that for high
cooperativities interference effects mediated by the atomic transition may lead to higher efficiencies.
The dynamics is compared with the cooling dynamics of a trapped atom inside a resonator studied
in [Phys. Rev. Lett. 95, 143001, (2005)] where the atom, instead of the cavity, is driven by a laser
field.
PACS numbers: 37.10.De,37.30.+i,42.50.Gy
I. INTRODUCTION
Laser cooling exploits the mechanical effects of light
in order to prepare atoms and trapped ions at temper-
atures that vary from microkelvin down to hundreds of
nanokelvin [1–3]. The combination with the coupling to
the field of high-finesse resonators has brought novel per-
spectives for the manipulation of the atomic motion: Re-
cent works demonstrated the mechanical effects of light
on the atomic motion even at the single-photon level [4–
7], and exploited it in order to achieve trapping [6–9] and
cooling [9–15] of the atomic center-of-mass motion.
The coupling to a cavity has been also successfully em-
ployed for cooling the motion of an atom which is trapped
by an external potential, such as a harmonic trap [12–14].
In this setting ground-state cooling can be achieved by
enhancing the scattering processes which reduce the vi-
brational excitations of the center-of-mass motion, thus
implementing sideband cooling [2, 3, 16] by means of the
strong coupling with the cavity field [17]. This implemen-
tation extends to trapped atoms the concepts developed
for cooling free atoms by means of resonators [4, 18, 19].
In addition, the quantum nature of the vibrational mo-
tion and of the cavity field allows one to identify different
physical mechanisms involving photonic and vibrational
excitations which contribute to a scattering process and
which can thus interfere [20–22]. This interference is
a further resource for the manipulation of the atomic
motion, since it can be used, for instance, to suppress
scattering events leading to heating and/or diffusion of
the center-of-mass motion. This knowledge has become
particular relevant in view of recent experiments, which
could observe these predictions [13, 14, 23, 24].
In this article we continue the characterization of laser
cooling of trapped atoms inside of resonators by studying
the cooling efficiency of a single atom, which is confined
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inside a high-finesse resonator in the setup sketched in
Fig. 1, under the condition that the resonator is pumped
by a laser. We analyze the temperature and the cooling
rate in detail, assuming that the atom is tightly confined
and the relevant atomic states compose a two-level dipo-
lar transition which is weakly driven by the cavity field.
It is shown that, by suitably tuning the laser parameters,
interference processes can enhance the cooling efficiency.
The cooling dynamics that are identified are then com-
pared to the ones found in the case in which the atom,
instead of the resonator, is driven by a laser and which
has been investigated in Refs. [21, 25, 26].
This article is organized as follows. In Sec. II the
theoretical model is introduced. The predictions on the
cooling efficiency as a function of the laser parameter are
presented in Sec. III. The conclusions are drawn in Sec.
IV. The appendices give some details at the basis of the
equations in Sec. II and III.
II. THEORETICAL MODEL
The setup we consider is sketched in Fig. 1. An atom
or ion of mass M is confined by a harmonic potential of
trap frequency ν, which we here assume to be one di-
mensional. The internal optical transition couples with a
quasi-resonant mode of a high-finesse optical resonator,
which is pumped by a laser. The atomic transition cou-
ples the stable electronic state |g〉 and the excited state
|e〉 at transition frequency ω0 and linewidth γ, and is
quasi-resonant with the cavity mode of frequency ωc. The
cavity mode is driven by a laser at frequency ωP and loses
photons at rate κ.
The mechanical effects between light and atom are
scaled by the recoil frequency ωR = ~ω
2
0/(2Mc
2), with c
the speed of light, and enter into the dynamics in pow-
ers of the Lamb-Dicke parameter η =
√
ωR/ν, which is
here assumed to be small. Therefore, single-photon ab-
sorption and emission events either do not have any me-
2FIG. 1. The cooling dynamics of the center-of-mass motion
of a trapped atom is studied, under the assumption that the
atom is confined within a high-finesse resonator. The motion
is cooled by scattering of photons of the cavity mode, which
is pumped by a laser.
chanical effect or they modify the center-of-mass motion
by one quantum of vibration. In this case, the dynamics
of the atomic motion is often well described by a set of
rate equations which determines the flow of populations
pm between the vibrational levels |m〉 of the confining
potential. The rate equations have the form [16]
dpm
dt
=η2(m+ 1)A−pm+1 − η2[(m+ 1)A+ +mA−]pm
+ η2mA+pm−1 , (1)
where A− (A+) scales the rate of the transition which
cools (heats) the atomic motion by one vibrational exci-
tation. From these equations one easily finds the equa-
tion governing the dynamics of the mean vibrational
number at time t, 〈m〉t =
∑
mmpm(t), which reads
d
dt
〈m〉t = −Γ〈m〉t + η2A+ with the cooling rate
Γ = η2 (A− −A+) . (2)
A steady state is found provided that Γ > 0, i.e. when
A− exceedsA+. In this case, the steady state is a thermal
distribution with mean phonon number
〈m〉 = A+
A− −A+ . (3)
The detailed calculation of the cooling rates and of the
mean vibrational number at steady-state is performed
in the following sections, under the assumption that the
coupling of the atom with the cavity field significantly
modifies its radiative properties: In this regime the vac-
uum Rabi frequency g determining the coupling between
dipole and cavity field fulfills the relation g2/(κγ/2) > 1.
We will study the cooling dynamics in the so-called good-
cavity limit, when g ≫ κ, and in the bad-cavity limit,
when κ ≫ g ≫ γ/2, and compare the results obtained
with the studies performed in Refs. [21, 25, 26]
In the following we will derive the transition rates A±
for the considered setup applying the formalism used in
Ref. [22, 27]. By evaluating the cooling rate and the
mean vibrational number we identify the parameter re-
gions, where cooling is achieved. In these regimes the
mean vibrational number at steady state gives the lowest
value that can be obtained, and thus one finds whether
the parameters allow for ground-state cooling. The cool-
ing rate gives the time scale over which the corresponding
distribution can be reached.
The starting model is the Hamiltonian dynamics of the
atom, composed by a two-level transition and the center-
of-mass motion, the cavity field mode which couples with
the atomic transition in the axial direction. The cavity
mode also couples with the modes of the electromagnetic
field through the finite mirror transmittivity, determin-
ing the finite cavity lifetime, and the transverse modes
which couple with the atomic transition, determining its
finite radiative lifetime. The Hamiltonian is introduced
term by term in the frame rotating at the laser frequency
ωP. The effect of the coupling with the modes of the
electromagnetic field is modeled using Wigner-Weisskopf
theory.
Before we start, we remark that our analysis restricts
to the motion along the x axis, along which the cavity-
mode wave vector is assumed to have a finite projection.
From a one-dimensional model the efficiency of cooling in
three dimensions can be extracted when the Lamb-Dicke
regime holds and the trap is harmonic [3, 16]. In this
respect, the results of our analysis can be extended to
three dimensions, provided that the diffusion coefficient
is properly modified [28].
A. Hamiltonian of the atom-cavity system
We first consider the system composed by atom and
cavity mode. Its dynamics are governed by the Hamilto-
nian
Hsys = Hext +Hint +Hcav +WP +WC . (4)
The first term on the right-hand side
Hext = ~ν[b
†b+ 12 ] (5)
is the Hamiltonian for the center-of-mass motion in the
harmonic trap at frequency ν, with b and b† the annihi-
lation and creation operators of a vibrational quantum,
such that the position and canonically-conjugated mo-
mentum of the atom are given by x = ξ(b + b†) and
p = i~/(2ξ)(b† − b), with ξ =
√
~/(2Mν). The Hamilto-
nian
Hint = −~δ|e〉〈e| (6)
gives the dynamics of the atomic degrees of freedom in
absence of coupling with the e.m. field, with δ = ωP−ω0,
and
Hcav = −~∆a†a (7)
3gives the corresponding term for the cavity field, where
a and a† are the annihilation and creation operators of a
cavity photon and ∆ = ωP − ωc is the detuning between
laser and cavity mode. The interaction between atom
and cavity is described by the term
WC = ~g(x)
[|e〉〈g|a+ |g〉〈e|a†] . (8)
Here, g(x) is the position-dependent coupling constant
g(x) = g cos(kx cosφ+ ϕ) , (9)
with g the vacuum Rabi frequency, k = ωc/c the wave
number of the cavity mode, φ the angle between wave
vector and axis of the motion, while ϕ accounts for the
displacement of the trap center with respect to the ori-
gin. Moreover, the cavity is driven by a laser, and the
corresponding dynamics are described by the operator
WP =
~ΩP
2
(a+ a†) (10)
with the strength of the coupling ΩP, which is related
to the input power of the laser P by the equation ΩP =
2
√
Pκ/~ωP.
For later convenience we introduce the single atom co-
operativity to quantify the interaction strength. In this
paper, we denote it by
C =
g2 cos2 ϕ
κγ/2
, (11)
which accounts for the position dependence of the cou-
pling strength. The parameter C has maximum value
C0 = g
2/(κγ/2), which corresponds to the cooperativity
when the atom is tightly confined at an antinode of the
field.
Moreover, in order to write the following equations in
a compact way we introduce the detuning between cavity
and atom,
δc = ωc − ω0 , (12)
such that δc = δ −∆.
B. Coupling to the external radiation field
The total Hamiltonian, including the coupling of the
atom-cavity system with the modes of the electromag-
netic field external to the cavity, reads
H = Hsys +Hemf +Wγ +Wκ , (13)
where
Hemf =
∑
~k,ǫ
~[ω~k − ωP]c†~k,ǫc~k,ǫ (14)
describes the free dynamics of the electromagnetic field
external to the resonator in the reference frame rotating
at the laser frequency ωP. Here, the sum runs over all
modes, identified by the wave vectors ~k and orthogonal
polarization ǫ, the operators c~k,ǫ and c
†
~k,ǫ
annihilate and
create photons in the corresponding mode, and ω~k = c|~k|
denotes the mode frequency. The operators
Wγ = ~
∑
~k,ǫ
(γ) [
g
(γ)
~k,ǫ
|e〉〈g|ei(~k·~ex)xc~k,ǫ +H.c.
]
, (15)
Wκ = ~
∑
~k,ǫ
(κ) [
g
(κ)
~k,ǫ
a†c~k,ǫ +H.c.
]
(16)
account for the coupling of the atomic dipole and of the
cavity mode with the modes of the external radiation
field, respectively. The superscript γ refers to the modes
whose wave vector is orthogonal to the cavity-mode wave
vector. These modes couple with the dipole transition
and this coupling gives the radiative instability of the
atomic transition at rate γ, whose explicit form is given
by γ = 2π
∑(γ)
~k,ǫ
|g(γ)~k,ǫ |
2δ(c|~k| − ω0). The superscript κ
refers to the modes whose wave vector is parallel to the
cavity-mode wave vector. These modes couple with the
cavity mode via the finite mirror transmittivity and this
coupling gives the losses of the cavity at rate 2κ, with
κ = π
∑(κ)
~k,ǫ
|g(κ)~k,ǫ |
2δ(c|~k|−ωc) (here we assume that there
is no absorption at the mirrors) [29].
C. A tightly confined atom in a weakly-driven
cavity
The complex coupled dynamics of photons and atoms
can be reduced to easily solvable rate equations in some
specific limits, which we will consider here. These limits
are (i) the mean number of photons inside the cavity is
very small (which implies that the atomic transition is
driven well below saturation) and (ii) the atomic motion
is tightly confined by the trap over a spatial region which
is much smaller than the light wave length, so that the
mechanical effects of light can be treated in perturbation
theory. Both situations are realized in several experimen-
tal setups. Below we discuss them in some detail.
The assumption that the mean number of intracavity
photons 〈nc〉 is small corresponds to the inequality
〈nc〉 ≈
∣∣∣∣ ΩP/2∆ + iκ
∣∣∣∣
2
≪ 1 . (17)
Discarding the center-of-mass motion, the relevant state
space, in which the cavity and atomic dynamics takes
place, is spanned by the states |g, 0c〉 and |g, 1c〉, |e, 0c〉,
whereby the latter two states are coupled by the interac-
tion term, Eq. (8). When the cavity coupling is strong,
it is convenient to consider the basis |g, 0c〉 and
|+〉 = cos θ|e, 0c〉 − sin θ|g, 1c〉 ,
|−〉 = cos θ|g, 1c〉+ sin θ|e, 0c〉 (18)
4with tan 2θ = 2g cosϕ/δc and eigenfrequencies ω±.
Equations (18) give the atom-cavity dressed states [25].
The considerations made so far were neglecting the me-
chanical effects of light, considering the atom fixed at po-
sition x = 0. Let us now discuss the coupling with the
center-of-mass motion. As we assume that this is tightly
confined, we rely that the Lamb-Dicke regime is fulfilled
[16]. A necessary condition is that the Lamb-Dicke pa-
rameter η = ξk ≪ 1. If η√m ≪ 1 for all relevantly
occupied states |m〉 of the harmonic oscillator, then we
can expand the operatorsWC and Wγ to first order in x:
WC ≈W0 + FCx , (19a)
Wγ ≈W (0)γ + Fγx (19b)
with W0 and W
(0)
γ corresponding toWC andWγ , respec-
tively, assuming the atom fixed at x = 0, and
Fi =
d
dx
Wi
∣∣∣∣
x=0
(20)
the gradient of Wi (i = C, γ) at x = 0. The operators
FC, Fγ act only on the internal atomic and cavity degrees
of freedom and have the dimension of a force [30, 35].
D. Light scattering at the atom-cavity system
The Lamb-Dicke regime and the assumption of weakly-
driven cavity allow us to determine the rate of photon
scattering by means of perturbation theory in the small
parameters η and ǫ = |ΩP/2(∆ + iκ)|. Using standard
methods (a summary of the relevant steps is found in
Appendix A) we evaluate the heating and cooling rates
entering rate equation (1). Analogously with the case in
which the driving laser directly couples with the atom
[21, 25, 26], they can be cast in the form
A± = D + cos2 φ sin2 ϕ
{
A(γ)± +A(κ)±
}
, (21)
which is the sum of three positive terms. Here, D re-
sults from the diffusive motion the atom undergoes due
the photon recoil of spontaneous emission in lowest, non-
vanishing order in η. The corresponding process is de-
picted in Fig. 2a). The second term on the right-hand
side, A
(γ)
± , is due to processes, where the atom-cavity
system absorbs a photon from the pump, then undergoes
a cavity-induced transition which changes the motional
state, and finally emits a photon due to spontaneous
emission in zeroth order in η. The processes connected
to A
(κ)
± are similar, except that the system relaxes due
to cavity losses, see Fig. 2b). Depending on whether the
ratio γ/κ is small or large, A
(κ)
± or A
(γ)
± can dominate one
over the other. Equation (21) also shows explicitly that
the contribution of these two terms can be large when
(i) the axis of motion is aligned with the cavity, so that
FIG. 2. Basic processes of photon scattering leading to the
contributions D, (a), A(γ)± and A(κ)± (b), in Eq. (21). The
processes start from state |g, 0c, m〉 and connect it to states
|g, 0c,m± 1〉 via a scattering path whose intermediate states
are the dressed states |±,m〉 and |±,m ± 1〉. The straight
arrows indicate coherent processes, the wiggled arrows the
incoherent processes. One notes that there is no direct exci-
tation |g, 0c,m〉 → |±,m±1〉, differing from the case in which
the atom is driven by the laser [25, 26]. This property leads
to a major difference between the cooling dynamics of the two
situations.
the mechanical effect due to absorption or emission of
a cavity photon is maximal, and (ii) when the atom is
close to a node of the cavity mode, where the gradient
of the electric field, and thus the exerted force, is maxi-
mal. The necessary condition for cooling to occur is thus
that sinϕ 6= 0, namely, the atom shall not be localized
at an antinode of the standing wave. The other obvi-
ous necessary condition is that cosφ 6= 0, corresponding
to a non-vanishing projection of the cavity mode wave
vector on the motional axis, and thus to a non-vanishing
recoil associated with the absorption and emission of cav-
ity photons [32].
The diffusion rate D can be recast in the form
D = A0D0 ,
where D0 is of order unity and depends on the geometry
of the setup and the properties of the considered atomic
transition, while A0 = γρe cos
2 ϕ is the rate at which
cavity photons are scattered by the atom into the modes
external to the cavity. Here, ρe cos
2 ϕ is the stationary
occupation of the excited state at zero order in the Lamb-
5Dicke parameter with
ρe =
Ω2P
4
g2
f(∆, δc)
. (22)
The denominator of this equation is the function
f(∆, δc) =
[
∆(δc +∆)− κγ
2
(1 + C)
]2
+
[
∆
γ
2
+ (δc +∆)κ
]2
, (23)
whose real poles are the resonances of the atom-cavity
system. We note that the coefficient vanish when the
atom is tightly confined at the node of the cavity standing
wave: In this case, in the Lamb-Dicke regime diffusion
processes are suppressed [25, 30].
The other rates take the form
A(γ)± = γ
ρe
f(∆∓ ν, δc)
{[
(∆∓ ν)δ − κγ
2
(1− C)
]2
+
[
(∆∓ ν)γ
2
+ δκ
]2}
, (24)
A(κ)± = 2κ
4ρe g
2 cos2(ϕ)
f(∆∓ ν, δc)
[
(δ ∓ ν/2)2 + γ
2
4
]
. (25)
They contain the function f , but evaluated at ∆∓ν: their
behavior is thus dominated by the poles of f shifted by
±ν, corresponding to the red and blue sidebands of the
corresponding resonance. We also note that, differing
from the rates A(γ)± , the rates A(κ)± vanish also at the
nodes of the standing wave, since in this case there is
no mechanical process that couples states |g, 0c,m〉 and
|g, 0c,m± 1〉 by emission of a cavity photon.
The rates are expressed in terms of the cooperativity
C, Eq. (11): This term explicitly highlights the cavity
QED effects on the motion of the atom. We note that the
limit C ≪ 1, where the cavity is a small perturbation to
the atomic dynamics, gives the rate equations of a two-
level transition in free space [30]. In this case, ground-
state cooling is achieved in the strong confinement limit,
γ ≪ ν, where sideband cooling can be implemented, as
shown in Appendix B.
In the next section we discuss the results obtained
when C ≥ 1 and provide some insight into the dynam-
ics. In order to identify the parameter regimes where the
atomic motion can be efficiently cooled we characterize
the poles of function f . The requirement that the first
term of f(∆ + ν) in Eq. (23) vanishes leads to equation
δ =
κγ
2 (1 + C)
∆ + ν
− ν . (26)
This equation has the same form as the one found for the
case in which the atom is driven: see Eq. (55) of Ref.
[25]. The only difference is that the role of atomic and
cavity detuning are here interchanged. This is an obvi-
ous consequence of the fact that the cavity field drives
the transition |g, 0c〉 → |g, 1c〉 (which is then coupled to
|e, 0c〉 by the cavity field), while a transverse laser drives
the transition |g, 0c〉 → |e, 0c〉 (which is then coupled to
|g, 1c〉 by the cavity field). Substantial differences be-
tween the two cases however arise when considering in-
terference effects in the coherent processes leading to a
mechanical excitation, as we will discuss in the next sec-
tion.
III. RESULTS
We now analyze the predictions of the rate equations,
focusing on the regime where they allow for a steady
state solution, and thus cooling of the motion by radiative
scattering. The cooling dynamics are characterized by
contour plots of the mean vibrational number at steady
state 〈m〉, Eq. (3), and of the cooling rate Γ, Eq. (2), as a
function of the detuning δ = ωP−ω0 between pump and
atom and of the detuning ∆ = ωP − ωc between pump
and cavity mode.
In the following we will consider the regime in which
C ≥ 1. Our attention will especially focus on the regime
in which the cooling rate can be enhanced by means of
resonances, considering regimes where transitions leading
to diffusion and heating can be suppressed by quantum
interference.
A. Good-cavity limit
We first analyze the good-cavity limit, taking γ ≫ κ.
In this case spontaneous emission dominates over cavity
decay. Figure 3 displays the contour plots of the cooling
rate, Eq. (2), and of the mean vibrational number, Eq.
(3), as a function of the detunings ∆ and δ. The res-
onance condition, Eq. (26), which gives the position of
the red sideband of the dressed states, is indicated in the
plot by the dashed line [31]. Parameter regions where the
cooling rate Γ becomes negative are marked by white ar-
eas: For these parameters no steady state can be found
for the equations of motion, indicating heating in the
limit of validity of the theory.
From the figures one readily sees that relatively large
cooling rates and low vibrational occupations are found
along the curve corresponding to Eq. (26). This behavior
is more pronounced when the cooperativity is increased.
For comparison, in the limit in which the coupling with
the resonator can be treated classically (corresponding
to small cooperativity, see App. B, and large intracav-
ity photon numbers), the atom is cooled on the red side
of the pump-atom detuning, i.e., for δ < 0: Optimal
temperatures and cooling rate would correspond to the
Doppler cooling limit, see [16]. This situation is indeed
recovered inside the cavity but for large values of |∆| and
small values of |δ|, namely, when the pump is far-off reso-
nance from the cavity mode but almost resonant with the
6FIG. 3. Cooling rate Γ, Eq. (2), and mean phonon number
〈m〉, Eq. (3), as a function of the detunings δ and ∆ (in units
of the trap frequency ν) and in the good-cavity limit, assum-
ing γ ≫ κ. The parameters are γ = 10ν, κ = 0.025ν, coop-
erativity C = 3 (left panel) and C = 15 (right panel). White
areas denote parameter regions where the motion is heated,
the dashed curve in the contour plots indicates Eq. (26), the
dotted curves Eq. (27). The bottom plot displays 〈m〉 along
the dashed and dotted curves for C = 15. The other param-
eters are ΩP = 0.01ν, D = 1, φ = 0, ϕ = 0.45pi.
atomic transition frequency. In this case the dynamics re-
duce to an effective two-level system with ground state
|g, 0c〉 and excited state |e, 0c〉, while state |g, 1c〉 is only
virtually occupied since far-off resonance. The cooling
rate is therefore small and scales at large |∆| as 1/|∆|2,
while the linewidth of the excited state determines the
lowest vibrational occupation one can achieve. For the
choice made here, where γ > ν, we obtain Doppler cool-
ing by setting δ = −γ/2 with 〈m〉 ∝ γ/4ν > 1, see
Eq. (B4).
The other asymptotic behavior is identified for large
values of |δ| and small values of |∆|, namely, when the
pump is far-off resonance from the atomic transition but
almost resonant with the cavity mode. In this limit the
dynamics reduce to an effective two-level system com-
posed by the ground state |g, 0c〉 and a dressed state
which mostly coincides with |g, 1c〉 with a small compo-
nent of state |e, 0c〉 whose occupation scales with sin2 θ,
see Eq. (18). In leading order the rates A(γ)± then
contribute to the diffusional motion of the atom only,
whereas cooling takes place due to light scattering via
the cavity. The linewidth of the relevant dressed state
FIG. 4. Same as Fig. 3, except that κ = 0.1ν.
is close to the linewidth κ of the resonator, and for
κ < ν, the optimal choice of parameters corresponds
to setting ∆ = −ν, thereby performing sideband cool-
ing. The minimal vibrational occupation scales with
〈m〉∞ ∼ κ2/(4ν2) + O(1/C), while the cooling rate de-
creases with sin2 θ.
These two limiting cases are similar with the ones
found when the atom, inside the resonator, is driven by
the laser, under the condition that the role of the inco-
herent processes is interchanged: κ < γ/2. This latter
situation has been analyzed in Ref. [26]. In general, the
case here studied and the one analyzed in [26] share sev-
eral analogies, provided that in the setup where the atom
is driven, the laser is perpendicular to the axis of the mo-
tion, and hence there are no mechanical effects associated
with the absorption of a laser photon (see Fig. 3(c) and
(d) of Ref. [26]). Nevertheless, some fundamental differ-
ences can be identified that, in the case here considered,
are due to the diffusion associated with spontaneous de-
cay (which is strongly suppressed when the major source
of losses is cavity decay as in [26]).
Further parameter regions where cooling can be effi-
cient are found when the numerator of A(γ)+ , Eq. (24)
becomes small. This is generally fulfilled when the first
term in the curly brackets of Eq. (24) vanishes [33], cor-
responding to the condition
δ =
κγ
2 (1− C)
∆− ν . (27)
Curve (27) is indicated in Fig. 3 by the dotted curves.
This curve extends to ∆ = ν and explains the rectan-
7gular cooling area for δ > 0. The cooling rate Γ in this
area becomes largest when the pump drives the cavity
close to resonance. Some insight into the phenomenon
can be gained by identifying the excitation paths lead-
ing to interference, which are depicted in Fig. 2b): There
are generally four pathways to connect the initial and fi-
nal state via the two pairs of dressed states |±;m〉 and
|±;m+ 1〉. Under condition (27) their probability am-
plitudes add up in a way that A(γ)+ is reduced.
Figure 3(e) displays the mean phonon number along
the dashed and broken lines in the contour plot at largest
cooperativity. The dotted line, along which this quan-
tum interference effect is strongest, exhibits two minima
around ∆ = ν at moderate temperatures. Similar pro-
cesses are also found in the corresponding case when the
atom is driven. In Fig. 4 we plotted the cooling rate
and mean phonon number for larger values of κ. In this
case the signatures of quantum interference for the cool-
ing process are less pronounced, but still distinguishable.
For C = 15, the lowest temperature along the dashed
curve is then found around ∆ = 0, where the laser is
at the same time resonant with the red sideband of a
dressed state, see Fig. 4(d) and (e). At lower cooperativ-
ity C = 3, the interference effect manifests itself by the
two cooling region around ∆ = ν, as shown in Fig. 4(c).
B. Bad-cavity limit
We now discuss the case when cavity losses dominate
over spontaneous decay, i.e. κ ≫ γ. Figure 5 displays
the contour plots for the mean vibrational number and
cooling rate. We first observe that the cooling regions
stretch well beyond the parameter regime along the curve
in Eq. (26), which is associated with the red sideband
of the dressed-state resonances. This behavior becomes
more enhanced when the cooperativity increases, as com-
parison between left and right panel shows. In addition,
along the curve given by Eq. (26) one observes also heat-
ing regions. These behaviors can be understood in terms
of interference processes, some of which we will discuss
in the following.
In order to better understand the dynamics, we will
analyze the transition rates A(κ)± , Eq. (25), which deter-
mine the rates A± when κ ≫ γ. By setting γ = 0 they
read
A± =cos
2 φρe×
2κ
g2 sin2 ϕ cos2 ϕ (2δ ∓ ν)2
[(∆∓ ν)(δ ∓ ν)− g2 cos2 ϕ]2 + (δ ∓ ν)2κ2 .
(28)
Lead by the results in Fig. 5, below we study their behav-
ior in order to better understand the cooling dynamics.
FIG. 5. Same as Fig. 3 but in the bad-cavity limit, κ ≫ γ.
The parameters are γ = 0.15ν, κ = 4.5ν, C = 5 (left panel)
and C = 25 (right panel). The other parameters are ΩP =
0.1ν, D = 1, ϕ = pi/3 and φ = 0.
1. Pump resonant with the atom
We first focus on the region about δ = 0, where the
pump is resonant with the atomic transition. In a certain
interval of values of the detuning ∆, this region exhibits
cooling, which reaches almost unit ground state occu-
pation with relatively fast cooling rates for values of ∆
between 0 and 20ν. More efficient cooling is found when
the resonance condition (26) is simultaneously fulfilled.
In order to get some insight into this behavior, we set
δ = 0 in Eq. (28) and find
A± = cos
2 φρe 2κ
ν2g2 sin2 ϕ cos2 ϕ
κ2ν2 + [ν(ν ∓∆)− g2 cos2 ϕ]2 . (29)
In this form, one recovers the form of the rates found
in EIT-cooling [34, 35], where the atom is in free space
and the relevant transitions form a Λ-shaped configura-
tion [36]. The mechanism at the basis of the observed
behavior is indeed similar, since the states |g, 0c〉, g, 1c〉,
and |e, 0c〉 form a Λ transition, where a quasi-dark state
can be found since the intermediate state |g, 1c〉 decays
faster than |e, 0c〉, see [37]. While in EIT cooling the
carrier excitation of the atom is suppressed by destruc-
tive interference of the excitation paths of the electron,
likewise, for the situation considered here, only transi-
tions connected by mechanical interaction can populate
the state |g, 1c〉. In contrast to EIT cooling, the inter-
8ference effect does not cancel atomic diffusion resulting
from spontaneous emission: For small, but finite γ diffu-
sion is still present, but cavity relaxation takes place on
a faster time scale. Minimal temperatures are found at
the pump-cavity detuning ∆ = g2 cos2 ϕ/ν−ν, for which
from Eq. (29) we find
〈m〉 =
( κ
2∆
)2
, (30)
Γ ≈ 2η˜2ρe g
2 cos2 ϕ
κ
(31)
with η˜ = η cosφ sinϕ. We remark that this interference
effect is observed when the cavity is weakly driven [37].
An analogous effect is observed in the good cavity limit
when the atom is driven and the laser is resonant with the
cavity mode [37, 38]. In those settings it can be exploited
for performing ground state cooling thereby suppressing
the excited state occupation, and therefore diffusion [21,
25].
2. Quantum interference at δ = ν/2
Quantum interference in the scattering process gives
rise to the cooling regions at non-negative values of δ.
The cooling region extends over a large region of the plot
and is most efficient when condition Eq. (26) is fulfilled.
A maximum is found about the value δ ≃ ν/2. An anal-
ysis of Eq. (28) show that at this value, indeed, heating
transitions can be suppressed when the radiative decay
rate γ is sufficiently small. In second order in the Lamb-
Dicke expansion, the temperature and cooling rate take
the form
〈m〉 ≈ 1
C
9
16
[
1 +
cot2 ϕ
cos2 φ
D
]
, (32)
Γ ≈ η˜2ρe 32
9
g2 cos2 ϕ
κ
, (33)
which have been here evaluated for the detuning ∆ =
2g2 cos2 ϕ/3ν − ν, which maximizes the ratio A−/A+.
The interference effect leading to the suppression of
heating does not depend on the coupling strength g, as
Eq. (25) suggests. This allows one to investigate the un-
derlying scattering processes in lowest non-vanishing or-
der in g. The corresponding processes are sketched in
Fig. 6: Two excitation paths lead to destructive interfer-
ence for heating transitions when δ = ν/2 (and ideally
γ = 0). This picture is easily extended to arbitrary values
of g. We also note that a similar behavior was identified
for the case in which the atom is driven, but in the good-
cavity limit [21].
Figure 5(e) displays the mean vibrational occupation
number 〈m〉 along the cuts indicated by the correspond-
ing curves in the contour plot 5(d). The lowest tem-
perature can be achieved for large detunings ∆, where
cooling at the red sideband of the narrow dressed state,
which here almost corresponds to |e, 0c〉, can be realized.
FIG. 6. Excitation paths contributing to the heating tran-
sition |g, 0c,m〉 → |g, 0c, m + 1〉, here depicted in the lowest
order of the Born expansion in the cavity-atom coupling g and
for κ≫ γ. The amplitude of each path scales with 1/(∆+δc)
(left) and 1/(∆+δc−ν) (right). For δ = ∆+δc = ν/2 the en-
ergy defect has opposite sign and the two processes interfere
destructively.
The two minima of the temperature (black bullets) corre-
spond to the cooling mechanisms which are due to quan-
tum interference at optimal detunings: The minimum at
∆ ≈ 5ν corresponds to the case where destructive inter-
ference suppresses heating, whereas at ∆ ≈ 8ν cavity-
induced transparency governs the cooling dynamics.
IV. CONCLUSIONS
Cooling of a trapped atom has been analyzed, un-
der the condition that the atomic dipolar transition
strongly couples to the mode of a high-finesse cavity,
which is pumped by a laser. The parameter regimes
have been identified for which ground state cooling can
be performed. We predict that, for large cooperativities,
ground-state cooling can be performed with the help of
quantum interference between the motion and the cav-
ity photonic excitations, which can suppress undesired
scattering processes.
The cooling dynamics has been compared with the case
where the atom is directly driven by the external laser,
which has been extensively studied in Refs. [21, 25, 26].
The analysis of the equations show that in most param-
eter regimes the two situations can be mapped one into
the other by swapping the atomic and the cavity vari-
ables. The major difference between the two cases is
due to (i) the mechanical effect of spontaneous emission,
which makes the incoherent process due to the radiative
instability of the atom not equivalent to cavity losses, and
(ii) the mechanical effect of the laser on the atom, which
makes this dynamical processes not mappable to the case
in which the cavity is driven. Indeed, when the system is
pumped by a transverse laser coupling to the atom, in-
terference between the cavity and the laser can suppress
atomic excitation, and therefore diffusion. In addition,
the mechanical effect of the laser can interfere with the
ones of the cavity field, thereby providing further control
tools for suppressing heating transitions. In this respect,
the configuration in which the atom is driven offers richer
dynamics than the case of the driven cavity.
9The cooling dynamics identified in this work could be
observed in current experimental setups [13, 14, 23, 24].
Information about the temperature and cooling rate can
be accessed by means of electron shelving techniques [2,
3] and by measuring the spectrum of the light at the
cavity output [39].
The concepts here analyzed can also be extended for
developing efficient cooling schemes of molecules, for
molecular transitions like the ones considered in Ref.
[40], and optomechanical systems [41]. Our results may
find applications in quantum technology such as quantum
sensors [41] and atom-photon interfaces in quantum net-
works, where the position of the atom in the field needs
to be controlled with nanoscale precision [42, 43].
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Appendix A: Evaluation of the scattering rates
We use scattering theory in order to evaluate the rates
A± which determine the cooling. This approach allows
for a direct identification of the underlying physical pro-
cesses. We split the total Hamiltonian, Eq. (13), accord-
ing to H = H0 + V , where
H0 = Hext +Hint +Hcav +Hemf +W0 (A1)
and
V =W (0)γ +Wκ +WP + x(FC + Fγ). (A2)
The rates of photon scattering, which change the mo-
tional state of the atom by one vibrational quantum are
given by
(m+ 1)A+ =
2π
~
∑
f
|Tf+ |2δ(Ei − Ef) , (A3a)
mA− =
2π
~
∑
f
|Tf− |2δ(Ei − Ef) (A3b)
and contain the sum over all transition matrix elements
Tf± = lim
ε→0
〈f±|V G(Ei + iε)WP|i〉 (A4)
with final states |f±〉. The initial and final states of the
scattering process are
|i〉 = |g, 0c;m; 0~k,ǫ〉 , (A5)
|f±〉 = |g, 0c;m± 1; 1~k,ǫ〉 . (A6)
The initial state is stable in zeroth order in η and ΩP.
The atomic motion is initially in state |m〉, with the ex-
ternal field in the vacuum. After a scattering process
which changes the vibrational motion, the number of mo-
tional excitation in the final state is changed by a single
quantum. The sum over all final states in Eq. (A3) is thus
a sum over all possible modes of the scattered photon,
whereby the Dirac δ-function in Eqs. (A3) ensures en-
ergy conservation between the energy of the initial state,
Ei = (m+
1
2 )~ν, and of the final state Ef . The evolution
operator is found from the resolvent G(z), which we ap-
proximate in lowest order in ΩP and up to first order in
the Lamb-Dicke parameter η:
G(z) =
1
z −H
≈ G0(z) +G0(z)x(Fγ + FC)G0(z) . (A7)
Here
G0(z) =
1
z −Heff0
(A8)
contains the non-Hermitian operator
Heff0 = H0 − i~
[γ
2
|e〉〈e|+ κa†a
]
. (A9)
The evolution operator for t > 0, and hence the transition
amplitudes, is found for z = E + iε with ε → 0+, see
Eq. (A4).
With the help of Eqs. (A4)-(A8) it is straightforward to
evaluate the rates A±, Eq. (A3) up to first non-vanishing
order in the small parameters. Details about the calcu-
lation can be found in Refs. [22, 27]. Reference [22], in
particular, contains the model considered here as a lim-
iting case.
Appendix B: Rate equations for small cooperativity
In the limit of small cooperativity, C ≪ 1, the rates in
Eqs. (21) are approximated by the expressions
A± = A0
[
D0 + cos
2 φ tan2 ϕ
δ2 + γ2/4
[δ ∓ ν]2 + γ2/4
]
, (B1)
which has been obtained in leading order in the small
parameter C. We note that the contribution of scattering
processes, where the photon is emitted by the cavity, is
here negligible: In fact rates A
(κ)
± are of order C with
respect to rates A
(γ)
± . The rates (B1) coincide with the
ones found for cooling an atom in free space, whose two-
level transition is driven by a standing-wave field with
Rabi-frequency ΩSW/2 = g|ǫ|. This situation has been
extensively discussed in [30].
Ground-state cooling is found for γ ≪ ν. This is the
sideband cooling limit. Setting the detuning δ = −ν, the
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mean vibrational number and cooling rate read
〈m〉 ≈
( γ
4ν
)2 [
1 + 4
cot2 ϕ
cos2 φ
D0
]
, (B2)
Γ ≈ η2 sin2 ϕ cos2 φΩ
2
SW
γ
. (B3)
In the weak coupling limit, γ > ν, the minimum tem-
perature is achieved for δ = −γ/2, leading to a final
vibrational occupation number and cooling rate
〈m〉 = γ
4ν
[
1 +
cot2 ϕ
cos2 φ
D0
]
− 1
2
, (B4)
Γ = η2 sin2 ϕ cos2 φ
2νΩ2SW
γ2
(B5)
corresponding to the Doppler cooling limit.
This limit differs from the situation encountered when
the atom instead of the cavity is driven: Then, the effect
of the cavity field at leading order is completely negligi-
ble, see [25].
It is interesting to note that when the vacuum Rabi
frequency is large but the atom is trapped at a node of
the cavity field and hence C = 0, the cooling dynamics
are very similar to the free space case [30].
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